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ABSTRACT: In the present work we develop a Monte Carlo study of polyelectrolyte adsorption on a charged
surface by means of a primitive model for the PE and the ions; the small ions are simulated in the Grand Canonical
ensemble. Free energy profiles for the adsorption process were obtained using a generalization of Jarzynski equality,
where a minimum was found close to surface. This minimum stems from a balance between the loss of
configurational entropy by the PE chain upon adsorption, and the gain of translation entropy caused by the release
of small ions. The results of the free energy of adsorption are compared with those from a previous work using
mean field equations and simulated density profiles.

1. Introduction

Polyelectrolytes (PEs) are linear chain polymers that in
solution may have a charge on their monomers. Aqueous PEs
solutions, in the presence or absence of other small ions, show
a number of remarkable physicochemical properties.1 Further-
more, many molecules like DNA that play key roles in biology
exhibit this type of behavior and can be considered to be PEs.1

For this reason, gaining further insight into the molecular
mechanisms that lead to these properties are of primarily
importance both, for understanding polyelectrolyte behavior, and
for applying them potentially to technological purposes.

The property that we intend to address in the present work is
the free energy of adsorption of PEs on charged surfaces.
Numerous experimental studies have focused on the structural
characteristics of the adsorbed polyelectrolyte and its stability
upon changes in its environmental conditions like temperature
and ionic strength of the solution.2 From a simplistic electrostatic
analysis, it could be concluded that PE adsorption on an
oppositely charged surface should have a natural limit when
the original surface charge is completely compensated by the
charge density of the adsorbed chains (charge compensation).
However, under certain circumstances the amount of PE
adsorbed is found to be larger than that required to compensate
the surface charge,2 so that a surface charge density with a
charge opposite to that of the original surface is generated. This
phenomenon is called charge reversal, which may be of such
an extent that the magnitude of the final charge density is equal
to the original one. Then, the adsorbed layer of PE could be
placed in the presence of another PE of opposite charge, to yield
again a surface with charge overcompensation. Performed
cyclically, this is the process employed to generate PE multi-
layers.2 The structure and properties of these multilayers as well
as technological applications are multiple,2 and depend on the
conditions under which they are generated, like charge density
of the substrate, ionic strength, etc. A special case observed for
the first time in the work of Perez et al.3,4 is the generation of
self-assembled polyelectrolyte nanorings using polyelectrolytes.
They are formed by poly(ethylenimine) (PEI) and poly(sodium

4-styrenesulfonate) (PSS) during the first two steps of the
formation of the self-assembled polyelectrolyte films (SAPFs).

Numerous theoretical studies5-11 and computer simula-
tions12-19 have been undertaken to understand the phenomenon
of PE adsorption and the related problems of charge reversal
and overcompensation. In ref 5, a theoretical approach was
developed on the basis of numerical studies of mean field
equations. From this model, the concentration profile of the PEs
can be explicitly calculated. Nonlinear effects, like ion con-
densation on the PE and the substrate surface, are usually
ignored. Furthermore, many studies are restricted to relatively
low electrostatic potentials, where the Debye-Hückel ap-
proximation can be safely employed to deal with electrostatic
interactions. In refs 6-11, the adsorption of PEs was studied
using different boundary conditions. Computer simulations have
been carried out using Monte Carlo,12-15 molecular dynam-
ics16-18 and Brownian dynamics.19 Messina15 performed Monte
Carlo simulations of PE adsorption in the canonical ensemble,
in the absence of a foreign salt. He found that an extra
(nonelectrostatic) additional field is required to enhance the
stability of the adsorbed PE and produce significant charge
overcompensation.

Experimental and simulations studies focusing on the ther-
modynamic aspects of polyelectrolyte adsorption20-26 are far
less frequent than those concerned with structural aspects. Free
energy is a fundamental descriptor of polyelectrolyte adsorption,
and calculation of free energy differences is essential for the
understanding of these processes. In a previous study27 we have
focused on the electrostatic aspects of the adsorption thermo-
dynamics of polyelectrolytes on charged surfaces, performing
specific calculations of the relative enthalpic and entropic
contributions from grand canonical Monte Carlo simulations.
Mean field equations were applied to density profiles obtained
from the simulations in order to assess the entropic contributions.
The results suggest that these are the driving force for this
phenomenon, which stems from the release of counterions from
the double layers of the PE and the charged surface. The positive
enthalpy value was rationalized in terms of the decrease in the
number of ionic pairs upon adsorption. Although the model was
rather simplistic to be directly applied to experimental systems,
it put forward new viewpoints on the PE adsorption on charged
surfaces. These concepts may also be helpful to interpret results
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concerning the interaction of polyelectrolytes with lipid struc-
tures28 and colloids.29,30

The mean field calculations were useful to discriminate
between the enthalpic and entropic contributions to the process;
however, a more rigorous calculation of the free energy is still
desirable. The traditional equilibrium methods used for this
purpose, e.g. thermodynamic integration,31 have been recently
extended to a nonequilibrium method based on Jarzynski
equality (JE):32,33

〈e-�W〉 ) e-�∆F (1)

This theorem relates the work performed on a system during
a nonequilibrium process to the free energy difference between
two equilibrium states of that system. The angular brackets
denote an average over an ensemble of realizations (repetitions)
of a thermodynamic process, during which a system evolves
while a control parameter λ is varied from an initial λinit to a
final value λfin. Thus, W is the external work performed on the
system during the realization of one of the processes; ∆F )
Ffin - Finit is the free energy difference between two equilibrium
states of the system, corresponding to λ ) λinit and λ ) λfin; �
) 1/(kbT) is the inverse temperature, where kb is Boltzmann’s
constant and T is the temperature of the heat bath with which
the system is equilibrated prior to the start of each realization
of the process. Jarzynski equality has been verified experimen-
tally34 by stretching single RNA molecules; its computational
application is described in references.35-37

In this work we perform a Monte Carlo (MC) simulation
applying a generalization of JE to the study of PE adsorption
on a charged surface by means of a primitive model for the PE
and the ions. In the following section, we present the compu-
tational methods. The results of the free energy values obtained
with JE and compared with those from mean field equations
are shown in section 3. Finally, concluding remarks and
perspectives are given in section 4.

2. Computational Methods

2.1. Computational Model. We use a primitive model for
monomers and ions. The solvent is modeled in terms of a
dielectric continuum, i.e., an implicit solvent with relative
dielectric constant εr ) 78. The polyelectrolyte is modeled as
a flexible chain of positively charged spheres with a diameter
of d ) 0.4 nm. Two consecutive monomers in each chain are
connected by a harmonic stretching spring whose potential is
taken to be ubond ) keq(l - l0)2, where l is the bond length and
l0 ) 0.5 nm is the equilibrium bond length. The spring constant
keq ) 1000kbT/nm2 is chosen to be high enough to prevent
fluctuations of the bond length.

The simulation box is a rectangular one of dimensions W ×
W × L. Periodic boundary conditions are applied in the x and
y directions, with hard walls at z ) 0 and z ) L. The wall at z
) 0 has a negatively surface charge density σs, uniformly
distributed. The polyelectrolyte is made of Np PE chains, each
with Nm monomers. The number of free ions of the system was
adjusted automatically by means of a grand canonical MC
(GCMC) procedure.

All the small ions of the system are considered to be rigid
spheres with a diameter of d ) 0.4 nm with an embedded unit
(positive or negative) charge. Since the charge density at the z
) 0 wall is assumed to be negative, its counterions are positive.
In the absence of PE, this wall has Ncs counterions, with Ncs )
|σs| × W2. A free (nonadsorbed) PE chain has Nm × f
counterions, where f is the fraction of charged monomers in
the PE (f ) 1 in this work), yielding a total number of Ncp )
Np × Nm × f counterions when all the PE chains are free and
noninteracting.

In a simulation, where all the constituents of the system are
present, the number of positive Ni

+ and negative Ni
- ions will

be given by Ni
+ ) Ncs + Ns

+ and Ni
- ) Ncp + Ns

-, where Ns
+ )

Ns
- is the total number of ion pairs introduced in (removed from)

the system because of the GCMC procedure.
As indicated above, the grand canonical ensemble is the

natural choice to study PE adsorption on a charged surface. For
a given bulk electrolyte concentration, the chemical potential
of the electrolyte species is unambiguously determined and this
is the chemical potential applied to our model system. In the
present work, the bulk electrolyte concentration was 0.01 M.

This situation is very close to the experimental one, where a
large amount of electrolyte in the system maintains the activity
of ions practically unaltered upon polyelectrolyte adsorption or
desorption. The procedure adopted to carry out the GCMC
simulation was very similar to that prescribed by Torrie and
Valleau.38

The potential energy of the system is a sum over pair
interactions between the particles of the system and single
particle interactions with the wall. The pair interactions are
assumed to be electrostatic and of the hard-sphere type according
to:

u(rbij))
ZiZje

2

4πε0εrrij
, rij > d

u(rbij))∞, rije d (2)

where Zi is the charge of the particle (ion of monomer), e is the
elemental charge, ε0εr is the permittivity of the dielectric
continuum, rbij is the relative position vector, rij ) |rbij| is the
distance between particles i and j. The interaction between
particle i and the wall is given by:

u(zi))
σsZiezi

2ε0εr
, d/2 < zi < L- d/2

u(zi))∞, d/2g zi or zig L- d/2 (3)

where zi is the z coordinate of position ri of the particle i, and
σs is the surface charge density of the charged wall.

Different types of methods are available for the calculation
of the electrostatic potential energy of a finite sample in a
computer simulation. One of them is the Ewald method (or
related ones),31 where a part of the interaction energy is summed
in real-space and another one in reciprocal-space.31 The so-
called external potential method (EPM), as first proposed by
Torrie and Valleau38 and subsequently modified by Henderson
et al.39 constitutes an alternative method to deal with the long-
range electrostatic interactions. This technique takes into account
that the interaction of a charged particle with the replicas of
the simulation cell is approximately dipolar in nature and, for
a double layer system, it will attract the central cell counterions
toward the surface. If Ewald-type lattice sums appropriate to
the slab geometry were used to account for this effect, then the
spurious periodicity, originally devised to minimize finite-system
effects arising from the long-range forces, would be explicitly
introduced into the long-range force part of the Hamiltonian.
This would result in an unphysical correlation between the
fluctuations of the charge distribution in the surrounding cells
and those in the central cell. A more realistic imitation of the
energy change associated with a change in the position of a
particle in a nonperiodic infinite system was obtained by Torrie
and Valleau38 by taking for the surroundings of the central cell
a charge distribution given by the average charge distribution
of the central box as measured over all preceding configurations.
In this approach, the influence of the lateral charges on the
central cell is accounted for by infinite sheets parallel to the
charged walls. In Henderson’s algorithm,39 each ion has its own
sheet at the same z coordinate as the particle. The charged sheet
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corresponding to each ion carries a uniform charge density of
Zie/W2 where Zie is the charge of the central ion. Each particle
interacts with each sheet, minus the square hole corresponding
to the central particle in which the interaction is taken into
account explicitly by the intermolecular potentials. The potential
energy of an ion Zie above the center of a charged sheet of
dimension W’ × W′ corresponding to an ion Zje is

ui,csh(zi, zj, W′))
ZiZje

2

4πε0εrW
′2∫-W′⁄2

W′⁄2 ∫-W′⁄2

W′⁄2 dx dy
r

where the vector r ) (x,y,zi - zj) points from de unit area of
the sheet to the particle. By performing the integration, we
obtain:

ui,csh(zi, zj, W′))
ZiZje

2

4πε0εrW
′2{ 4T ln(0.5+ r1

r2
)-

|z|[2π- 4 arctan(4|z|r1

W′ )]}
where |z| ) |zi - zj| is the distance between a particle and a
sheet, r1 ) [0.5 + (z/W′)2]½ and r2 ) [0.25 + (z/W′)2]½. In the
limit of W′ f ∞ the value of the function is ui,csh(z,∞) )
[-ZiZje2/(2ε0εrW2)]|z|. The total energy of the ions in the central
cell with the external charge distribution of the system is given
by:

uEPM )∑
i)1

N

∑
j)1

N

[ui,csh(zi, zj, ∞)- ui,csh(zi, zj, W)]

The term in brackets represents the electrostatic interaction of
particle i with the images of particle j outside the simulation
box. These images are represented as an infinite sheet with a
square hole of dimensions W × W.

In the present approach, we ignore the problem of image
forces. This has been considered by Messina in previous work,14

where it has been demonstrated that image forces may reduce
the degree of polyelectrolyte adsorption, but with the finding
that overcharging is robust against image forces. Thus, leaving
aside image charges may lead to an overestimation (in absolute
value) of the free energies of adsorption. However, image charge
effects appear to become smaller the larger the chain of the
PE, so that we expect that for the present chain length our results
should be qualitatively correct. On the other hand, we consider
explicitly the salt-containing environment and make a compari-
son with the results of the mean-field approximation.

In addition to ion pair removal and insertion, system
equilibration was achieved taking into account motion of single
particles, translation of the PE chain with its condensed ionic
atmosphere, pivot motion of the PE, and flip motion of the
chains.40

The relevant quantities measured in the simulation are the
concentration profiles of single cations, single anions and PE
as a function of the distance from the charged surface. These
quantities are denoted as F+(z), F-(z), and FPoly(z) respectively.
They were calculated using the standard histogram procedure.
The center of mass of the polyelectrolyte chain is defined
according to:

Rcm )
1

Nm
∑
i)1

Nm

ri (4)

The z component of Rcm is

zcm )
1

Nm
∑
i)1

Nm

zi (5)

Histograms were constructed from the zcm values obtained along
the simulation, defining the probability density FCM(zcm).

Note that the density FPoly(z) can be interpreted as the
monomer concentration as a function of the distance from
the surface of the substrate, while FCM(zcm) corresponds to the
probability of finding the center of mass of the polymer at a
given distance from the surface. These two quantities are related
by the following equation:

Nm∫ dV FCM(zcm))∫ dV FPoly(z) (6)

The electrostatic potential ψ(z) was calculated in turn from the
total charge density F(z) ) F+(z) - F-(z) + FPoly(z) via the
equation:

ψ(z))- e
ε0εr

∫z

L
[F(z´)(z´- z)] dz´ (7)

As a reference for the electrostatic potential, we have taken ψ(L)
) 0.

The results of the simulations with charged surfaces in the
absence of PE were compared with the solution of the
Poisson-Boltzmann equation41 in order to check the perfor-
mance of the procedure developed and a good agreement was
obtained.

2.2. Calculation of the Free Energy of the PE Adsorp-
tion Process. Free energy changes were calculated between an
initial and a final state defined according to the considerations
given below. As initial state, we consider a situation where the
PE is located at a point away from the surface where the overlap
between the double layers of the surface and the PE becomes
negligible within the accuracy of our calculation. The final state
is less straightforward to define. Below we will attempt a
definition in terms of the center of mass of the polyelectrolyte
chain.

Under canonical conditions, the equilibrium free Helmholtz
energy difference ∆F between two states characterized by the
Hamiltonians Hinit and Hfin is given by:

e-�∆F )
Qfin

Qinit
)
∫ dΓ e-�Hfin(Γ)

∫ dΓ e-�Hinit(Γ)
(8)

where Γ ≡ (p,q) denotes a point in the 6 - N dimensional space
(N being the number of particles), and Qinit, Qfin are the partition
functions corresponding to Hinit, Hfin, respectively.

The typical method of computing this difference is via
thermodynamic integration,31 where the free energy change is
written as

∆F)∫λinit

λfin
dλ 〈 ∂H(λ)

∂λ 〉λ
(9)

where the brackets denote an ensemble average. This type of
integration has been described in the literature.31 That is, the
derivative is calculated in a number of simulations and its
average is integrated by some proper numerical method like
Gaussian quadrature. Wallin and Linse have used this type of
method along with Monte Carlo simulations to study the
adsorption of polyelectrolytes on charged micelles.24-26 These
authors obtained structural data on the micelle-polyelectrolyte
complex and thermodynamic quantities for the complexation
as a function of chain flexibility,24 the polyelectrolyte linear
charge density25 and the surfactant tail length.26 They noted
that ion release after polyelectrolyte adsorption on the micelle
is an important factor for the process.

2.2.1. Jarzynski Equality. Since eq 9 involves simulations for
equilibrium states, the procedures turn to be rather computational
time-consuming. However, Jarzynski has shown that the free
energy difference of eq 8 is related to a nonequilibrium
average.32,33 In the path integral notation, the Jarzynski equality
can be written as42
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e-�∆F )∫DΓτP(Γτ)e
-�W(τ) ) 〈e-�W(τ)〉0 (10)

where ∫DΓτ denotes an integration over all possible trajec-
tories in phase space and Γτ denotes a particular trajectory. P(Γτ)
is the statistical weight functional of the trajectory Γτ that
includes the canonical distribution of the initial conditions.42

Assuming that an external perturbation is applied to Hinit and
switches the system to Hfin at τsteps steps, the step-dependent
Hamiltonian is now parametrized by a function λ(τ) in such a
way that H[λ(0)] ) H[λinit] ≡ Hinit and H[λ(τsteps)] ) H[λfin] ≡
Hfin. It must be noted that the process is not conservative since
work is done on the system.

The work done on the system is given by

W(τ′))∫0

τ′

dτ λ̇∂H[λ(τ)]
∂λ

(11)

where λ̇ ) (dλ)/(dτ).
When the switch between the initial and the final state is

undertaken at a finite rate, the work W may take different values
with a probability g(W). Thus, the average work may be written
as 〈W〉 ) ∫-∞

∞ dW g(W)W and the Jarzynski equality becomes
e- �∆F ) ∫-∞

∞ dW g(W)e-�W. In the limit of a reversible process,
g(W) f δ(W - ∆F) and the work done on the system is given
by eq 9.

2.2.2. The Stiff-Spring Approximation. For the present pur-
poses, a potentially rewarding application of the Jarzynski
equality is the calculation of the free energy profile of a
polyelectrolyte approaching a charged surface, which corre-
sponds to the potential of mean force (PMF).43 In order to
proceed, we need to define a reaction coordinate along which
adsorption proceeds in the configuration space. This reaction
coordinate describes the advance of the adsorption process. The
natural choice for the reaction coordinate is the distance of center
of mass of PE to the charged surface, zcm, as defined in eq 5.
When the z-component of the center of mass of PE has the value
zcm ) λcm, the PMF Ω(λcm) is given through the following
Botzmann-weight average over all degrees of freedom other than
the reaction coordinate:35,36

exp[-�Ω(λcm)])∫ dΓ δ(zcm - λcm) exp[-�H(Γ)] (12)

In order to apply JE to the calculation of Ω(λcm), we need to
define an external parameter λcm that must be related to zcm

through a driving potential hλ(Γ(τ)). This will be formed as
follows:

hλ(Γ(τ))) k(zcm - λcm)2 (13)

in order to maintain the position of center of mass of the PE
close to the value λcm, where k is a spring force constant. The
parameter k must be chosen in such a way as to obtain a small
statistical noise and an adequate matching of the different
degrees of freedom to the motion of the center of mass. This
selection depends on the rate at which the system is driven from
the initial to the final state. We found that k ) 10kbT/nm2 is a
suitable value for the simulation conditions described below.
The Hamiltonian of the new system is the following:

H̃λ(Γ(τ)))H(Γ(τ))+ hλ(Γ(τ)) (14)

The parameter λcm was changed from λinit ) 30 nm to λfin ) 0
nm, according to the law λcm ) λinit + Vτ, with V ) (λfin -
λinit)/τsteps, where τsteps was 100000.

According to the previous definitions, the work along each
trajectory is given by

W) 2kV∫0

τsteps
dτ (zcm - λλ) (15)

Applying JE to the H̃-system during the step interval between
zero and τ we obtain:

F̃τ - F̃init )- 1
�

log〈exp[-�W(τ)]〉 (16)

Here F˜ is the Helmholtz free energy of the H˜-system, given
by

exp(-�F̃λcm
))∫ dΓ exp(-�H̃λcm

(Γ(τ))) (17)

We have obtained a formula for the free energy F̃ of the
H̃-system, but what we actually attempt to determine is the PMF
Ω of the original H-system. The free energy F̃can be written in
terms of the PMF Ω as follows:

exp(-�F̃λcm
))∫ dΓ exp[-�H(Γ)- �k(zcm - λcm)2]

)∫ dΓ ∫ dλ′
cm δ(zcm(r)- λ′

cm) × exp[-�H(Γ)-

�k(zcm - λcm)2]

)∫ dλcm exp[-�Ω(λcm)-�k(zcm - λcm)2] (18)

If k is large enough (this is fulfilled in the present simulations
with the selection k ) 10kbT/nm2), the larger contribution of
the argument in eq 18 to the integral will be given for zcm values
close to λcm, so we can approximate:

F̃λcm
≈ Ω(λcm)

For the sampling paths, we selected initial configurations from
an ensemble of trajectories generated after 106 MC equilibration
steps with zcm fixed at 30 nm.

2.2.3. Jarzynski Relation in a Grand Canonical Monte
Carlo Simulation. All the previous discussion was given within
the canonical ensemble, which is the environment from which
the JE was originally derived. However, since we are simulating
a finite system and intent to represent a situation where the
region close to the surface is coupled to a bulk electrolyte, grand
canonical conditions were set for the electrolyte. Thus, rather
than using eq 10, we employed its generalization for grand
canonical conditions as provided by Schmiedl and Seifert44

shown below. For the present system, the relationship between
the grand canonical partition function � and the grand canonical
potential J leads to the relationship:

e-�∆J )
�fin

�init

)
∑
N+

∑
N-

∫ dΓ e-�Hfin(Γ)e�N+µ+e�N-µ-

∑
N+

∑
N-

∫ dΓ e-�Hinit(Γ)e�N+µ+e�N-µ-

)
∑
N+

∑
N-

Qfin(N
+, N-, V, T)e�(N+µ++N-µ-)

∑
N+

∑
N-

Qinit(N
+, N-, V, T)e�(N+µ++N-µ-)

(19)

where J is the grand canonical potential44 given by

J)U- TS-∑ j
µjnj (20)

A generalization of JE to grand canonical equilibrium
conditions has been given by Schmiedl and Seifert:44

〈e-�[W-∆(∑jµjnj)]〉 ) e-�∆J (21)

Thus, in addition to the calculation of the work W as described
above, the change in the number of particles was monitored
along each trajectory and included in the average on the lhs of
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eq 21. In the grand canonical ensemble the force mean potential
ΩGC(λcm) can be written as

exp[-�ΩGC(λcm)])∑
N+

∑
N-

∫ dΓ δ(zcm -

λcm)e-�H(Γ)e�N+µ+e�N-µ- (22)

3. Results

3.1. Concentration Profiles. Parts a and b of Figure 1 show
the simulation box, where the charged surface is located at the
left side, with some sample configurations during the adsorption
process of a 10-monomer PE chain, starting from a point far
away from the surface (Figure 1a) and ending with the
adsorption of the PE on it (Figure 1b). Accordingly, parts c
and d of Figure 1 show the concentration profile of the PE far
from, and close to the charged surface respectively. From the
last two figures, it can be seen that the negatively charged
surface induces an excess of small positive ions and a depletion
of small negative ions. This is the usual electrical double layer.41

It can also be noticed that the PE is surrounded by a compact
layer of negative ions, corresponding to the Manning condensa-
tion45,46 phenomenon. In parts b and d of Figure 1, two
remarkable phenomena are also evident: (i) the PE chain
becomes confined close to the wall, loosing degrees of freedom
perpendicularly to the surface, with the concomitant loss of
configurational entropy; (ii) most of the ions conforming the
ionic atmosphere of the PE and that of the surface are released,
i.e., the PE replaces most of its counterions by the charge of
the surface, and a similar phenomenon occurs with the coun-
terions of the surface, which suggests, an efficient ionic
exchange under the present simulation conditions.

3.2. Work and Free Energy Calculations. Figure 2a shows
the values for the change in the number of particles ∆N ) ∆N+

+ ∆N-, the work W and the quantity W - ∆(N+µ+ + N-µ-)
for a typical simulation path. Figure 2b presents W - ∆(N+µ+
+ N-µ-) results for simulations with of a 10-monomer chain,
with σ ) - 0.10e/nm2 for 10 different paths. The dispersion
calculated from 40 different trajectories is found to be below
1.5kbT. From these profiles we note that close to the surface all
values are negative, denoting the spontaneous nature of the
adsorption process. A minimum becomes evident around zcm ≈

1.00 nm. The free energy profiles of PE adsorption were
obtained by the application of eq 21 to profiles similar to those
shown in Figure 2a.

Free energy profiles for PE adsorption similar to those shown
in Figure 2a, but at different surface charges are shown in Figure
3. For an uncharged surface, the free energy increases mono-

Figure 1. Sample configurations of a simulation of the adsorption of a 10-monomer PE chain on a charged surface. (a) PE far from the charged
surface. (b) PE close to the charged surface. Concentration profiles corresponding to the simulations illustrated in parts a and b are shown in figures
c and d respectively. The resulting surface monomer density was 0,025 monomers/nm2. The surface charge density was σs ) -0.1 e/nm2. The bulk
electrolyte concentration was c ) 0.010 M. Green: polyelectrolyte monomers. Red: negative ions. Blue: positive ions.

Figure 2. Adsorption of a PE chain made of 10 monomers on a charged
surface withσs ) -0.10e/nm2 (a) Profiles for the work W, the change
in the number of particles ∆N and the quantity W - ∆(N+µ+ + N-µ-)
for a typical realization of the adsorption process. (b) W - ∆(N+µ+ +
N-µ-) profiles for 10 different trajectories. (c) ∆J profile obtained from
40 different trajectories.
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tonically as the surface is approached. This process is not
spontaneous since the loss of configurational entropy by the
PE is not balanced by the entropy increase due to the release of
counterions. On the other hand, for the other surface charge
densities, a minimum appears, whose depth increases and
approaches the surface as the surface charge density becomes
more negative.

Simulations were also performed without the application of
any constrain to zcm, allowing for the spontaneous evolution of
the system to its equilibrium configuration. The concentration
of the PE and that of the small ions are shown as a function of
the distance from the charged surface in Figure 1d. The
probability density of finding the center of mass Fcm(zcm) at a
given distance from the charged surface was also calculated, as
plotted in Figure 4 for three different surface charge densities.
This probability density is closely related to the potential of
mean force. To show this, we begin with the probability density
F(Γ) of finding the system at the point Γ:

F(Γ) ∝ e-�H(Γ)e�N+µ+e�N-µ-

�
(23)

The probability density Fcm(λcm) of finding the center of mass
at the distance λcm(zcm ) λcm) can be obtained integrating eq 17
according to

Fcm(λcm) ∝
∑
N+

∑
N-

∫ dΓ δ(zcm(Γ)- λcm)e-�H(Γ)e�N+µ+e�N-µ-

�
(24)

On the other hand, we can rewrite the grand canonical partition
function in terms of the potential of mean force according to:

� ∝ ∑
N+

∑
N-

∫ dΓ e-�H(Γ)e�N+µ+e�N-µ-

∝ ∫ dλcm∑
N+

∑
N-

∫ dΓ δ(zcm(Γ)- λcm)e-�H(Γ)e�N+µ+e�N-µ-

∝ ∫ dλcm exp[-�ΩGC(λcm)] (25)

So, by replacing (19) in eq 18m we obtain:

Fcm(λcm))
exp[-�ΩGC(λcm)]

∫ dλcmexp[-�ΩGC(λcm)]
(26)

where the relationship between the probability density
Fcm(λcm) and ΩGC(λcm) becomes evident. This relationship is
very useful to test the precision of the calculations, since
we can compare the prediction of this equation using the
ΩGC(λcm) obtained with generalized JE (see Figure 3) with

the profiles Fcm(λcm) obtained from a current (unbiased) Monte
Carlo calculation.

This comparison is drawn in figure 4 for three different charge
densities, namely σs ) 0e/nm2 (Figure 4a), σs ) -0.05e/nm2

(Figure 4b) and σs ) -0.10e/nm2 (Figure 4c), where a
reasonable good agreement is found.

It is interesting to compare the free energy profiles calculated
in this work through the generalized JE with mean field
predictions (Figure 5), where the different entropic contributions
(polyelectrolyte, small ions) to the free energy profile can be

Figure 3. Free energy profiles for the adsorption of polyelectrolyte
chain made of 10 monomers at different negative surface charges
densities (in e/nm2). Absolute values are reported in the figure.

Figure 4. Probability density of finding the center of massFcm(zcm) at a
given distance from the charged surface for different charges densities:
(a) σs ) 0.00e/nm2; (b) σs ) -0.05e/nm2; (c) σs ) -0.10e/nm2. The
continuous lines denote the prediction made according to eq 26 using
the potential of mean force ΩGC(λcm) obtained with Jarzynski equality,
while the symbols are the results from unbiased Monte Carlo simula-
tions.

Figure 5. Comparison between the free energy profiles obtained using
generalized Jarzynski equality over a set of 40 trajectories (full line)
and the mean the field approximation, ∆Jmf(squares). The different
contributions to ∆Jmf(λcm) are also shown as a function of the distance
from the charged surface. ∆Jpoly

mf is the contribution due to the
configurational changes of the polyelectrolyte chain, ∆Jions

mf is the
translational contribution of the small ions, and ∆Jelec is the electrostatic
contribution. σs ) -0.10e/nm2.
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discriminated. In order to obtain the mean field free energy
values, simulations were performed with the center of mass of
the polyelectrolyte fixed at a given distance λcm from the charged
wall by means of a harmonic spring (see eq 13). As in our
previous work,27 the concentration profiles of the participating
species were then calculated at each λcm and mean field
equations were used. Within the mean field approximation, the
free energy of the system can be written as a sum of three
contributions:5

∆Jmf(λcm))∆Jpoly
mf +∆Jions

mf +∆Jelec (27)

where ∆Jelec denotes the contribution from the electrostatic
interactions in the system that is calculated straightforwardly
from the simulation through ∆Jelec ) 〈Uλ〉 - 〈U30nm〉 . ∆Jpoly

mf

and Jions
mf indicate the nonelectrostatic contributions from the

polyelectrolyte (configurational) and the small ions (transla-
tional) respectively.

According to the mean field approximation, Jpoly
mf can be

written as5

Jpoly
mf ) kbT∫ [a2

6
|∇ 	|2 + 1

2
ν	4] dr (28)

where the polymer order parameter φ(r) is related to the local
monomer concentration c(r) via the relationship c(r) ) |φ(r)|2

and we refer the free energy to a zero bulk concentration. a is
the effective monomer size and ν is the excluded volume
contribution, and we have omitted the contribution due to the
translational motion of the center of mass of the polymer. The
free energy of the small ions Jions

mf is given by5

Jions
mf )∫ {kbT∑

i)(
[ci ln ci - ci - cb

i ln cb
i + cb

i ]- µi(ci - cb
i )} dr

(29)

where ci(r), cb
i (r), and µi(r) are the local concentration, the bulk

concentration and the chemical potential of the ions i ) (1,
respectively.

Figure 5 shows the different contributions to ∆Jmf(λcm) as a
function of the distance λcm for a surface charge density σs )
-0.10e/nm2. We note that the configurational contribution of
the PE, ∆Jpoly

mf , remains negligible until an approach distance to
the surface of 2 nm, where it begins to increase. The electrostatic
contribution, ∆Jelec, is always positive and increases upon
approach until reaching a maximum around 3 nm. Then it shows
a small decrease. These two contributions discourage adsorption.
The positive value of ∆Jelec appears at first sight as puzzling.
Should not this be negative since the charged polymer is
attracted to the oppositely charged surface? To answer this
question, we will consider first the situation of a polymer chain
before and after adsorption, for the case where charge over-
compensation is very small or negligible, so that after adsorption
it looses most of its counterion atmosphere. Before adsorption,
the system can be considered as consisting of two subsystems.
One is made up of the charged surface and its compensating
layer of counterions (for the present model made of an excess
of positive ions compensating the negative surface charge). The
other subsystem can be considered to be the polymer chain,
surrounded also by a cloud of negative ions, which compensates
its charge. Both interaction energies are negative. Due to the
electrostatic screening of the free ions, the two subsystems
interact weakly. After adsorption, and with the above assumption
of complete charge compensation, the charged surface and the
polymer loose their corresponding ionic atmospheres. Since the
interaction of the surface with the polymer can be considered
roughly similar to the initial interaction of the same surface with
its double layer, what has been lost in the system is the
interaction energy of the polymer with its ionic atmosphere.

As stated above this was a negative quantity. Thus, the total
electrostatic energy of the system has increased after polymer
adsorption. In the case of charge overcompensation, the polymer
does not loose completely its ionic atmosphere upon adsorption,
but the situation is similar to the previous one: after adsorption,
the positive ionic charge that was initially compensating the
negative surface charge is replaced by the polymer plus some
of its counterions. Resuming, after adsorption and the concomi-
tant release of counterions, interactions mainly occur between
the charged surface and the PE. Therefore, the adsorption
process leads to the disappearance of a considerable number of
ion pairs, with the consequent energy increase.

The free energy contribution due to small ion release ∆Jions
mf

is negative and larger in magnitude than the other two,
constituting the driving force of the adsorption process. It is
also worth noting that both free energy profiles, the mean field
one and that obtained via the JE, show a minimum at about the
same approach distances, the minimum of the later being slightly
deeper. The balance between the loss of configurational entropy
of the polymer upon approach to the surface and the phenom-
enon of ion release is responsible for the existence of this
minimum.

Finally, Figure 6 shows the adsorption free energy of the
polymer as a function of the surface charge density within both,
the mean field and the JE approximations. The adsorption free
energy of the polymer, ∆Jad, was defined according to the
following equation:

∆Jad ) Jad - J∞ (30)

Here Jad is the free energy of the polymer at the minimum
of the free energy profiles as seen in figure 3, and J∞ is the free
energy value at a point far from the surface where it is not
interacting with the surface. We can observe that the Jad values
within both approximations are similar up to a surface charge
density of ca. 0.03e/nm2. Then, the difference between the mean
field and the JE prediction become more prominent. The
coincidence between both approximations at low surface charges
is to be expected, since the mean field equations are rigorously
valid at low electrostatic potentials, that is, provided the relation
|�eψs| < 1 is fulfilled.5 For the present system it comes out
that the electrostatic potential at the surface ψs ) ψ(0) (eq 7)
is of the order of the thermal energies (ψ ≈ 26 mV) when the
surface charge density is of the order 0.03e/nm2. At larger
surface densities, the mean field approximation clearly under-
estimates the free energy of polyelectrolyte adsorption.

Figure 6. Comparison between the free energy of polyelectrolyte
adsorption calculated in the mean field approximation (triangles) and
the corresponding values obtained using Jarzynski equality over a set
of 40 trajectories (diamonds). The electrostatic potential at the surface
is given on the right scale (filled circles on the plot).
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4. Concluding Remarks and Perspectives

In the present work, we have focused on the electrostatic
aspects of the adsorption thermodynamics of polyelectrolytes
on charged surfaces, for which a rigorous calculation of the
potential of mean force by means of Jarzynski equality was
performed. Thus, the present work constitutes, to the best of
our knowledge, the first attempt to apply this state-of-the art
methodology to the problem at hand, which allows for a precise
evaluation of the free energy of adsorption for the model
proposed. We find a minimum in the PFM originated in the
balance between two opposite contributions to the free energy
of the system: on one side an increasing one, caused by the
loss of configurational entropy of the polymer approaching
the wall, and on the other side, a decreasing one, originated by
the increase in translational entropy of the small ions due to
their release upon polyelectrolyte adsorption. The electrostatic
energy increases as the polyelectrolyte chain approaches the
wall, but this contribution remains relatively unchanged in the
neighborhood of the free energy minimum. A reasonably good
agreement is found between the free energy of adsorption
computed from the present simulations and the estimations based
on a mean field approximation at low surface charges. At high
surface charges, the mean field approximation leads to an
overestimation of the free energy of adsorption of the poly-
electrolyte.

Although at this stage the model is rather simplistic to be
applied directly to experimental systems, it puts forward new
viewpoints concerning PE adsorption on charged surfaces.
Computational models with explicit consideration of the solvent
are desirable and will allow discriminating between the present
ionic and solvent effects. Before this extension, that will be more
demanding computationally, the effect of the change of the
electrolyte concentration as well as the formation of polyelec-
trolyte multilayers needs to be further examined. A related
interesting system is the formation of self-assembled polyelec-
trolyte nanorings, like those found in the work of Perez et al.3,4
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